We analyse the properties of frame functions g i , i ∈ N 0 , and spaces˘ , resp., {˘ s } s∈N 0 , in order to have {g i } as a Banach frame for a Banach space X w.r.t.˘ , resp., Fréchet frame for a Fréchet space X F = s∈N 0 X s w.r.t. s∈N 0˘ s . Examples with orthogonal functions in Hilbert spaces describes the assertions.
Introduction
In order to perform the analysis and the synthesis of a signal, one has to use series decompositions via appropriately chosen functions as a frame. Usually, the analysis and synthesis in the timefrequency analysis are realized through discrete integral transforms based on the series expansions via over-determined sequences of special functions. Even singular signals, described here as elements of duals of certain Fréchet spaces, can be investigated through such type of transforms. Such ideas are similar to those used by [9] to build various spaces of generalized functions. In practice, frames are constructed by special functions g i . In this paper, we investigate the properties of a given sequence of functions so that it forms a frame and can be used for the series expansions.
Extending the notion of Banach frames [2] [3] [4] [5] [6] to Fréchet frames [7, 8] , in this paper we analyse some structural properties of pre-Fréchet and Fréchet frames. Let Let {X s , · s } s∈N 0 be a sequence of Banach spaces satisfying (1)- (3) and let g i ∈ (X 0 ) * , i ∈ N. If F is a Fréchet space, satisfying (1)- (3) with all s being CB-spaces (i.e. Banach sequence spaces having the canonical vectors as a Schauder basis), and if {g i } ∞ i=1 is an F -frame for X F w.r.t. F , then
see [7] . Conversely, if (4) holds with f i = 0, ∀i, then the spaces
is an F -frame for X F w.r.t. s∈N 0 {f i } s [7] . In the case X s = X 0 , ∀s, the above statements can be found in [3] . While the spaces
, our interest is on sequence spaces based on the use of {g i } ∞ i=1 . We have investigated in [7] constructions of a CB-spacẽ (resp. a sequence {˜ s } s∈N 0 of CB-spaces), so that given a -Bessel sequence {g i } ∞ i=1 for X (resp., for X 0 ) is a˜ -frame or Banach frame for X w.r.t.˜ (resp., pre-F -frame or F -frame for X F = s∈N 0 X s w.r.t. F = s∈N 0˜ s ) (Theorems 2.2 and 2.3). In this paper, we investigate construction without considering a sequence space in advance and without the assumption for {g i } ∞ i=1 to be a -Bessel sequence. Our motivation comes from some sequences {g i } ∞ i=1 in a Hilbert space which are not Bessel sequences, but they give rise to series expansions. Consider, for example, 
implies the validity of (5) in general. Section 4 concerns constructions of sequence spaces in the Fréchet case. Example 4.3 gives a construction of a class of F -frames. The constructions are made using orthogonal functions related to Hilbert expansions.
F -frames
Throughout the paper, (X, · ) is a Banach space and ( 
The constants B s (resp., A s ), s ∈ N 0 , are called upper (resp., lower) bounds for
When at least the upper inequality in (6) holds, then {g i } is called an F -Bessel sequence for
In case X s = X and s = , ∀s ∈ N, the above gives the definition of a -frame for X, Banach frame for X w.r.t. and -Bessel sequence for X, respectively.
Let X and {g i } ∈ (X * ) N be given. For every scalar sequence c = {c i }, denote
For a sequence space , we will consider the following conditions:
In the present paper, we generalize the following two assertions.
Theorem 2.2 [7]
Let = {0} be a solid BK-space, X = {0} be a reflexive Banach space and
Assume that A 1 (˜ , X) is satisfied. Then the following hold. 
Assume that A 1 (˜ s , X s ) is satisfied for every s ∈ N 0 . Then the following hold.
Construction of˘ and a class of Banach frames
We begin with a generalization of Theorem 2.2, excluding and the assumption that {g i } is a -Bessel sequence for X.
Theorem 3.1 Let X = {0} be a reflexive Banach space and let
Assume that A 1 (˘ , X) is fulfilled. Then the following hold. 
Therefore, the ith coordinate functional on˘ is continuous. For the completeness of˘ , let c ν = {c
, ν ∈ N, be a Cauchy sequence in˘ . Fix ε > 0. There exists ν 0 (ε) such that for every μ, ν ∈ N, μ ≥ ν 0 , ν ≥ ν 0 , there is f μ,ν ∈ X satisfying f μ,ν < ε and |c is a solid BK-space such that ⊇˘ and {g i } is a -frame for X with bounds A and B. Let c ∈ . For every f ∈ M c (X), the solidity of and the -Bessel property imply that |c| ≤ |{g i (f )}| ≤ B f . Therefore, |c| ≤ B |c| ˘ . Then for every f ∈ X, we have |{g i (f )}| ≤ B |{g i (f )}| ˘ . Now the lower -frame inequality implies validity of the loweȓ -inequality with boundȂ = A/B, which completes the proof of (b). Assume now that {g i } is a Banach frame for X and let V : → X denote a bounded operator such that V ({g i (f )}) = f , ∀f ∈ X. For every c ∈˘ , V c ≤ V |c| ≤ B V |c| ˘ , which implies that V |˘ is bounded on˘ . This completes the proof of (c).
( We will use the following notation related to a sequence c = {c i }: i will denote the ith coordinate of c (n) , i ∈ N, n ∈ N.
Example 3.2 Let (X, ·, · ) be a Hilbert space and {e i } be an orthonormal basis for X. Let {g i } ∈ (X * ) N be defined by
where k j ∈ N, t j ∈ R, t j = 0, j ∈ N, k 0 = 0, and let˘ be given by (10). Then˘ is a CB-space and {g i } is a tight Banach frame for X w.r.t.˘ .
Proof Validity of A 1 (˘ , X). Let c = {c
Consider r f,h := m 1 e 1 + m 2 e 2 + m 3 e 3 + m 4 e 4 + · · · , where
By (14), {c i } ∈ 2 and {d i } ∈ 2 . Since m i ≤c i +d i , ∀i ∈ N, it follows that {m i } ∈ 2 and thus, r f,h ∈ X. It is clear that
Therefore, r f,h ∈ M c+d (X). Using the facts that m i ≤c i +d i , ∀i ∈ N, 2 is solid and (14) holds, we obtain (X) . Now Theorem 3.1 implies that˘ is a CB-space and {g i } is a˘ -frame for X, which is tight, becauseȂ =B = 1. It remains to prove the existence of a Banach-frame operator. Denote the canonical basis of˘ by {ω i }. Consider
Validity of A 3 (A, X) with
e 3 , 0, . . . , 0
Our aim is to prove that V is bounded on {ω i }. Let us first prove that
Define
Fix i ∈ N and note that h ∈ M ω i (X) if and only if h ∈ X and 1
Since˘ is CB and the linear extension of V on the linear span of {ω i } is bounded, extend V on˘ by linearity and continuity and obtain continuous operatorV :˘ → X. For every f ∈ X, we have
Hence, {g i } is a Banach frame for X w.r.t.˘ .
Construction of˘ F and a class of F -frames
In the next theorem, we extend the construction of˘ in Theorem 3.1 to the construction of˘ F = s∈N 0˘ s . The proof can be done in the same way as in [7, Theorem 4.8] , applying Theorem 3.1 to X s and {g i | X s }, s ∈ N 0 . 
Assume that A 1 (˘ s , X s ) holds for every s ∈ N 0 . Then (P 1 )-(P 3 ) hold with˜ replaced by˘ . 
where k j ∈ N, t j ∈ R, t j = 0, j ∈ N, k 0 = 0. Then {X s } s∈N 0 is a sequence of Hilbert spaces satisfying (1)- (3); {˘ s } s∈N 0 , constructed by (18), is a sequence of CB-spaces satisfying (1)- (3) and
Proof In the same way as in [7, Proposition 4 .10], it follows that {X s } s∈N 0 is a sequence of Hilbert spaces satisfying (1)- (3) 
Define {c i } and {d i } by (12) and (13). Since |c i | ≤ | f, e i 0 |, ∀i ∈ N, and
Let {m i } be given by (15). Since
. In a similar way as in Example 3.2, we obtain that , a p+1,scp+1 , a p+2,scp+2 , . . .}.
Validity of
Since {b i } ∈ 2 , there exists x ∈ X s such that b i = x, z i,s s , ∀i ∈ N, and x
s .
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Now Corollary 4.2 implies that {g
is tight. It remains to prove the existence of an F -frame operator. Denote the canonical vectors by ω i , i ∈ N, and note that they form a basis for F in the sense that every {c i } ∈ F can be written as {c i } = c i ω i with the convergence in˘ s -norm for every s ∈ N 0 . Let {f i } and {h i } be given by (16) and (17). Note that f i ∈ X F , h i ∈ X F , ∀i ∈ N. Define V on {ω i } by V ω i := f i , i ∈ N. 
